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Abstract: The relatively new atomic form factor for twisted (vortex)
beams, which carry orbital angular momentum (OAM), is considered and
compared to the conventional atomic form factor for plane wave beams that
carry only spin angular momentum (SAM). Since the vortex symmetry of a
twisted photon is more complex that that of a plane-wave, evaluation of the
atomic form factor is also more complex for twisted photons. On the other
hand, the twisted photon has additional parameters, including the OAM
quantum number, ℓ, the nodal radial number, p, and the Rayleigh range,
zR that determines the cone angle of the vortex. This Rayleigh range may
be used as a variable parameter to control, in new ways, the interaction
of twisted photons with matter. Here we address: i) normalization of the
vortex atomic form factor, ii) displacement of target atoms away from the
center of the beam vortex, and iii) formulation of transition probabilities for
a variety of photon-atom processes. We attend to features related to new
experiments that can test the range of validity and accuracy of calculations
of these variations of the atomic form factor. Using the absolute square of
the form factor for vortex beams, we introduce a vortex factor that can be
directly measured.
PACS: 42.50.Ct, 42.50.Tx, 42,50.Ex, 03.65.Nk
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1 Introduction
The atomic form factor is used to calculate observable count rates for pro-
cesses involving the interaction of macroscopic beams interacting with submi-
croscopic targets, such as atoms. This atomic form factor, M , enables scat-
tering into directions that differ from scattering when transitions in atomic
target states are absent. This factor itself describes the relative strengths
of the various transitions that couple beams, e.g. of photons, electrons or
ions, under various scattering conditions. While it is now conventional to
describe these transitions in terms of propagating plane-waves, one may also
use other basis states, such as, for example, states that describe propagation
of twisted photons[1, 2]. Although calculations of atomic form factors for
plane wave beams[3, 4, 5] have been available for some time[5, 6], relatively
few calculations[7, 8, 9] are now available for twisted (vortex) beams, even
though such twisted beams themselves have been available since 1936 [10].
In recent years there has been an increasing number of experiments ex-
ploring the nature of twisted photons[2, 11, 12, 13, 14, 15], as well as twisted
(vortex) electrons[16, 17], that have followed mathematical descriptions of
vortex beams in both a Laguerre Gaussian basis, applicable in the paraxial
approximation[1, 2], as well as a less restrictive Bessel basis[8, 16]. There
are widely varied applications[11, 18] that use twisted vortex beams, in-
cluding quantum information[19, 20, 21], quantum control[22, 23], optical
tweezers[24], Bell inequalities[25, 26] and vortex phenomena in Bose-Einstein
condensates[27], as well as broader applications in other fields[11].
Twisted (vortex) beams carry orbital angular momentum[2]. Orbital an-
gular momentum (OAM) differs from spin angular momentum (SAM). Plane
wave photons carry only the more widely studied SAM, while twisted pho-
tons carry both SAM and OAM, which arises from the vortex nature of the
twisted photon beam. Plane wave photons may be characterized in terms of
two variable mathematical parameters, (λ,ms), where λ is the (continuously
variable) photon wavelength and ms is the quantum number describing (two)
possible azimuthal directions of the intrinsic photon spin, s = 1. Twisted
photons may be characterized[9] in terms of five variable mathematical pa-
rameters, (zR, λ, p, ℓ,ms), where zR is the (continuously variable) Rayleigh
range of the twisted photon that sets the angle of the vortex cone, p gives the
number of nodes in the photonic radial distribution, and ℓ = ±|ℓ| describes
the magnitude and direction of the orbital angular momentum, h¯|ℓ|. Twisted
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photons have a more restricted symmetry than plane-wave photons. How-
ever, the constraint of this adjustable twisted vortex can act as a macroscopic
control handle for submicroscopic atoms. Comparison of the possible values
of (λ,ms) with (zR, λ, p, ℓ,ms) suggests that more control over atomic pro-
cesses may be achieved with twisted, vortex photons than with plane wave
photons[11].
In this paper we detail the nature and utility of the atomic form factor for
twisted photons, and relate the twisted form factor to new experiments on
interactions of vortex beams with matter. Here we consider beams described
in terms of a traveling plane wave, ei(
~k·~r−ωt) modified by a Laguerre-Gauss
profile[1, 2]. Our attention is centered here on photons in the optical regime
interacting with hydrogenic atoms. The photons each carry momentum ~p =
h¯~k and energy E = h¯ω.
This paper follows an earlier paper[9] that formulated the interaction of
twisted photons with atoms and gave an equation for the atomic form factor
for twisted photon beams. Here we address three significant unresolved issues
in this earlier paper. First, the expression for the atomic form factor in the
earlier paper was not properly normalized, although the difficulty in doing
so was traced to a difference in the normalization for plane waves and for
twisted photons. Understanding the different ways one may normalize ampli-
tudes for systems with different symmetries (as well as different size scales)
enables comparison of theory with experiment. Second, it was assumed that
the target atom was at the center of the beam vortex. The effect of moving
the atom away from this vortex was left for future study. This question has
also been recently considered by Afanasev et al.[7] and Matula et al.[8]. We
show how understanding the effect of moving a target atom away from center
of the incoming beam enables design of experiments using macroscopic gas
cell. Third, the authors called for a formulation of the scattering problem
in position space to calculate probability amplitudes using the atomic form
factor. This was also left for future study. Here we detail the transition
probability amplitude, expressed in position space, which is complementary
to the scattering amplitude, expressed in momentum space, and which is
more widely used in analysis of optical processes. We also address some
additional considerations related to experiments exploring the processes in-
volving interactions of twisted beams with atoms, including a way to isolate
and observe the effect of vortex size.
3
2 Atomic form factors
2.1 SAM form factors
The atomic form factor describing the interaction of plane-wave beams with
an atomic target[9, 28] is,
M =< f |ei~q·~r|i >=
∫
φ∗f(~r)e
i~q·~rφi(~r)d
3~r , (1)
where φi and φf are the wavefunctions for the initial and final states of
the atomic target, and h¯~q = h¯~ki − h¯~kf is the momentum transfer of the
scattered photon. This plane-wave atomic form factor, M , describes the
quantum transition from one atomic state to another with a possible change
in photonic SAM, but bypasses activity in OAM. This SAM form factor
appears in a variety of physical processes, including photo-absorption, photo-
emission, and photon scattering[29]. Tables of |M |2 are used for applications
in which specific atomic transitions are significant, including applications
involving photons interacting with matter[3, 5, 4, 6].
For photons interacting weakly with atoms, where first order perturbation
methods are applicable, one may usually simply multiply a classical differ-
ential cross section by |M |2 to obtain the corresponding process when the
target undergoes a transition from an initial state, |i > to a final state, |f >.
For example, the differential cross section for Compton scattering is given
by[30, 31],
dσC/dΩ = |M |2 dσT /dΩ , (2)
where, dσT/dΩ =
ωf
ωi
r20|Λˆi · Λˆf |2 is Thomson’s classical differential cross sec-
tion for scattering of light from a free electron. Here Λˆi and Λˆf are the direc-
tions of the polarization of initial and final photons and r0 = 2.818×10−15m,
is the classical radius of the electron, and the relativistic Klein-Nishina rela-
tivistic correction term[32] has been omitted. As an aside we mention that
any additional interaction between beam and the target, not included in the
square of the canonical momentum of the electron-photon system is, we con-
ventionally assume, small. The quantum mechanical scattering cross section
differs from its corresponding classical cross section when |M |2 6= 1.
4
2.2 OAM atomic form factors
The atomic form factor, Mv, for vortex photons describes the transition from
one atomic quantum state to another using a mathematical basis describing
incoming and outgoing twisted photons. While some calculations involving
the atomic form factor for twisted photons have been recently published[7, 8,
9], to our knowledge none has been in a form that may be compared directly
to experiment, in part due to unresolved issues described in our introduction.
An unnormalized expression for the atomic form factor, Mv, for the in-
teraction of vortex photons with atoms has been given in an earlier paper[9],
where the ei~q·~r factor for plane-waves is modified by a Laguerre-Gauss profile
that describes the vector potential for twisted photons within the paraxial
approximation[1]. After multiplying Eq.(7) of the earlier paper by a factor
of 1
2
λzR so that Mv reduces properly to the plane-wave limit, the expression
for the dimensionless, scale invariant atomic form factor becomes,
Mv =
1
2
λzR
∫
d~r φ∗Nf ,Lf ,Mf (~r) u
∗
pf ,ℓf
(~r) e−i
~kf ·~r ei
~ki·~rupi,ℓi(~r)φNi,Li,Mi(~r) (3)
=
1
2
λzR
∫
d~r φ∗Nf ,Lf ,Mf (~r)
√√√√ 2pf !
π(pf + |ℓf |)!
1
w(r cos θ′)
[
r| sin θ′|√2
w(r cos θ′)
]|ℓf |
exp
[−(r sin θ′)2
w2(r cos θ′)
]
×L|ℓf |pf
(
2(r sin θ′)2
w2(r cos θ′)
)
e−iℓfφ
′
exp
[−ikf (r sin θ′)2r cos θ′
2((r cos θ′)2 + z2R)
]
exp
[
i(2pf + |ℓf |+ 1) tan−1
(
r cos θ′
zR
)]
×ei~q·~r
√
2pi!
π(pi + |ℓi|)!
1
w(r cos θ)
[
r| sin θ|√2
w(r cos θ)
]|ℓi|
exp
[−(r sin θ)2
w2(r cos θ)
]
L|ℓi|pi
(
2(r sin θ)2
w2(r cos θ)
)
×eiℓiφ exp
[
iki(r sin θ)
2r cos θ
2((r cos θ)2 + z2R)
]
exp
[
−i(2pi + |ℓi|+ 1) tan−1
(
r cos θ
zR
)]
φNi,Li,Mi(~r) (4)
In Eq.(3) upf ,ℓf and upi,ℓi are the Laguerre-Gauss factors that change a plane-
wave photon, ei
~k·~r, into a twisted photon, as specified in Eq.(4), corresponding
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(in cylindrical coordinates, where ρ = r cos θ, z = r sin θ and φ is unchanged)
to[1, 2],
up,ℓ(ρ, z, φ) =
√
2p!
π(p+ |ℓ|)!
1
w(z)
[
ρ
√
2
w(z)
]|ℓ|
exp
[
− ρ
2
w2(z)
]
L|ℓ|p
(
2ρ2
w2(z)
)
× exp[iℓφ] exp
[
ikρ2z
2(z2 + z2R)
]
exp
[
−i(2p + |ℓ|+ 1) tan−1
(
z
zR
)]
. (5)
Here, the twisted photon carries momentum h¯~k propagating in the zˆ = kˆ
direction, w(z) = w(0)
√
1 + z2/z2R, and w(0) =
√
λzR/π is a measure of the
minimum width of the beam (beam waist) determined by the Rayleigh range,
zR . The phase, (2p + |ℓ| + 1) tan−1(z/zR), is the Gouy phase, and L|ℓ|p (x)
is an associated Laguerre polynomial related to the more familiar Laguerre
polynomials by L|ℓ|p (x) = (−1)|ℓ| d
|ℓ|
dx|ℓ|
Lp+|ℓ|(x). The index p is the number of
radial nodes between p + 1 peaks in the intensity distribution, and ℓ is the
azimuthal index. The beam envelope at a fixed wave intensity is described
by w(z), depicted in Fig. 1. In Eq(5), (θ, φ) are spherical angles defined
so that the north pole θ = 0 corresponds to the kˆi direction, while (θ
′, φ′)
is a coordinate system rotated by the scattering angle Θ, so that θ′ = 0
corresponds to the kˆf direction.
Next we resolve some mathematical and conceptual issues raised earlier[9],
as mentioned in our introduction. While the example we use is transfer
of OAM in elastic Compton scattering, most of our discussion applies to
other processes, including those using electron (and ion) beams and some
other targets, as well as enabling experimental efforts to assess the range
of validity of the formula used to evaluate various atomic form factors for
twisted photons.
2.3 Normalization of plane-wave and twisted-wave pho-
ton amplitudes
The factor of 1
2
λzR used above to normalize the formula for Mv makes the
atomic form factor dimensionless (by removing a factor of 1
w(0)
used earlier[9]),
and for ℓi = ℓf = pi = pf = 0 it also normalizes the corresponding SAM
atomic form factor to δfi as q → 0 in the plane-wave limit of large zR when
formulated in a Gaussian basis. The dimensionless atomic form factor can
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join vastly different size scales. On the macroscopic (beam) scale the length
scale is w(0) =
√
λzR/π, which is about 10
−4 m for an optical photon with
λ ∼ 5 × 10−7 m and zR ∼ 10−1 m. On the submicroscopic (target) scale
the length scale is the size of the atomic target, aT = N
2a0, where a0 =
5.29× 10−11 m, is the Bohr radius and N is the principal quantum number.
The plane wave terms are volume normalized, while the twisted photon
terms are area normalized, as we now briefly explain. The plane wave vector
potential is volume normalized, i.e., ~A = Λˆ
√
πe2/r0EV e
i(~k·~r−ωt), where Λˆ
is the direction of polarization, e is the electron charge, r0 =
e2
mec2
is the
classical radius of the electron (me is the electron mass), E is the photon
energy, and V is the volume of the photon beam. The vortex photon terms
are normalized to the size of the beam radius, w(z) = w(0)
√
1 + z2/z2R, at
each value of z. Within the paraxial approximation, which requires the ray
trajectory to be approximately parallel to the beam axis (discussed in Sec.
2.5 and 2.6 below), the difference in the volume and area normalizations
can be accounted for by a factor of
∫
dz = cT , corresponding to the length
of the beam, needed to convert an area to a volume. Since this length is
usually quite large compared to the time interval of the atomic interaction,
the
∫
dz term conventionally gives rise to an energy conserving δ-function in
the derivation for the formula for the wave-like scattering amplitude for this
process[33]. In this case the interaction region may considered to be point-
like in both space and time on the macroscopic scale of the beam. Thus
the
∫
dz term is conventionally absorbed into the scattering amplitude in a
wave-like picture.
2.4 Effect of moving atoms away from an optical beam
center
Since optical photons have a wavelength, λ, much larger than the size of the
atomic target, aT , it is sensible to formulate scattering of optical photons from
atoms in momentum representation and employ the scattering amplitude,
f(~q). In this wave picture, the momentum of the photon is well defined, as is
the scattering angle, Θ, between the incoming photon of momentum, h¯~ki, and
the outgoing photon of momentum, h¯~kf . For conceptual and mathematical
simplicity we now take ki = kf = k so that q = |~ki − ~kf | = 2k sin(Θ/2).
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Extension to inelastic collisions, where ki 6= kf , is straightforward[29], and is
briefly mentioned again below in the section on experimental considerations.
We emphasize, as discussed in increasing detail in the next subsections,
that the momentum space scattering amplitude, f(~q), is the Fourier trans-
form of the position space probability amplitude, a(~b), that is commonly
used when the beam projectile is regarded as particle-like, as is the case for
many ion-atom collisions [34]. Since the probability amplitude in position
space is the Fourier transform of the scattering amplitude in momentum,
the effect[35] of the factor ei~q·
~b in wave space is to shift the position space
distribution by a distance ~b. Since the size of the atom is small compared to
the photon beam parameters (λ and zR), it is sensible to regard the atom as
point-like, so that ~b represents a translation from the center of the photon
beam here taken to define the location of ~b = 0. That is, ~b describes a classi-
cal light ray that interacts with an atom located a distance ~b from the center
of the photon beam. We call~b the impact parameter for for this photon-atom
collision, where ~b is defined on the scale of the macroscopic beam.
On the other hand if the photon were considered as point-like (e.g. if λ
and zR were both quite small compared to the target size, aT ), then it is
sensible to regard the target as large, and the projectile can be described a
point-like particle. This is often the case for ion-atom collisions, for example.
Such a description can be sensible for high energy photons. In this case of
scattering of a particle from an atomic target, it is common to take ~b as the
distance of a straight line particle trajectory from the center of a relatively
large target. This is the conventional definition of the impact parameter ~b for
classical particle collisions[36, 37]. In the particle-like picture of an incoming
projectile, it is conceptually sensible to consider ~b as the displacement of the
point-like projectile from the center of the target, now taken to define ~b = 0.
Thus, the concept of the impact parameter ~b, of a collision is different for
classical particles and classical waves. As we consider more fully below, when
describing beams incoming to a target in the classical particle-like limit it is
conceptually convenient to use the probability, |a(~b)|2, to describe a collision
event, while in the classical wave-like limit it is convenient to use the square
of the scattering amplitude, |f(~q)|2. Quantum mechanics incorporates both
of these particle-like and wave-like limits.
As discussed even further in the next subsection, since a(~b) and f(~q) are
position and momentum amplitudes related by Fourier transforms, Parseval’s
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theorem requires mathematically that the total cross section cross section
summed over ~b is the same as that summed over ~q. That is, the total number
of events counted experimentally by summing over ~q (defining the solid angle
in (Θ, φ)) is the same as that by summing over ~b (defined by (b, φ)), where
the azimuthal angle φ is common to both coordinate systems. The impact
parameter, ~b, can mathematically be used similarly in both classical limits,
but the conceptual meanings are physically different.
2.5 Relation between quantum amplitudes in position
and momentum representations
As introduced above, there are two complementary ways to evaluate cross
sections. In the wave-like approach, widely used for beams of optical photons
interacting with atoms, the differential cross section is expressed in terms of
the scattering amplitude, namely, d2σ/dΩ = |f(~q)|2, where q = q(Θ), e.g. q =
2k sin(Θ/2) for elastic scattering. Alternatively, in the particle-like approach,
used for ion-atom collisions[29], the differential cross section is expressed in
terms of the probability amplitude, namely, d2σ/d2b = |a(~b)|2. In quantum
mechanics, the amplitude, f(~q) in momentum space is related to the prob-
ability amplitude, a(~b), by the 2D relation, a(~b) = 1
2πk
∫
ei~q·
~bf(~q)d~q. Since
the momentum representation and the position representation are Fourier
transforms of one another, it follows that[38],
∫
|a(~b)|2bdb dφ = 1
(2πk)2
∫
|f(~q)|2qdq dφ = σtotal (6)
To our knowledge, this was first discussed in the context of atomic collisions
in 1966 by McCarroll and Salin[39].
Since f(~q) is the Fourier transform of a(~b), one has the constraint that
∆b∆q ≥ 1
2
. If ∆b is small compared to the target size, aT , then the projectile
may be regarded as a particle traveling on a classical trajectory ~R = ~b+zˆvt. If
∆q is so small that ∆b is large compared to the target size, then the projectile
may be regarded as a classical wave directed along a ray perpendicular to
the wavefronts. Since classical plane waves are invariant under translation
perpendicular to the beam, and ei~q·~r produces a translation in position space,
then for plane-wave photons a(~b) must be independent of b, so that a(~b) =
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a(0). Indeed the dependence of a(~b) on ~b is simply disregarded in widely
used books and papers dealing with photons. In any case, the translation
symmetry of plane-waves is broken by vortex waves. For any twisted beam
(see Fig. 1) each ray trajectory, ~R = ~b+ ~vt, is a straight line, where ~b is the
displacement of this trajectory from the center of the beam at z = 0, and
vˆ has both a zˆ component and a component in the x− y plane, as dicussed
below. (One may choose xˆ = qˆ, defining an x − z plane of scattering.) For
light traveling in free space v = c, while for beams of electrons, protons
and ions, v < c. When scattering occurs this trajectory passes through the
target atom in a semi-classical picture where ray trajectories are used. It
is the rotation of the trajectory about the beam axis that provides orbital
angular momentum to the beam. This rotation is provided by eiℓφ in the
Laguerre-Gaussian terms in Eq(5) that give a parity breaking handedness to
the twisted vortex beam.
In our experience there are advantages to each method of calculation,
i.e., using either q-space or b-space. In many cases for both photon beams
and particle beams, the momentum representation most accurately matches
experimental conditions since it is the momentum of the scattered particle
that is accurately observed. Also in our experience the mathematics is a
little simpler in the momentum representation. On the other hand, using
the position representation yields a dimensionless probability, |a(~b)|2, that
may not exceed unity. This upper limit can be useful in testing approximate
theoretical calculations. Also the probability directly indicates how likely a
transition is under varying conditions. This could be useful in applications
involving the transfer of quantum information. Moreover, this formulation,
employing both f(~q) and a(~b), opens the way for new theoretical and exper-
imental studies of dynamic correlation in a wide range of systems, including
scattering of photons from multi-electron atomic systems[29].
2.6 Relations involving ~b
In this subsection, we relate the parameter, ~b, that appears in the position
representation described above, to various physical quantities. This subsec-
tion is intended to clarify the conceptual meaning of~b under differing physical
conditions.
For a vortex Gaussian beam[40], the asymptotic beam intensity decreases
exponentially as the distance, ρ, from the axis of the beam increases. In
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Eq.(5) when ρ is equal to w(z), for ℓ = p = 0 the beam intensity drops
by a factor of 1
e2
from its maximum occurring at ρ = 0. As illustrated in
Fig 2, when ρ(z) = w(z), the so called[40] ’divergence angle of the beam’,
ΘV , asymptotically approaches a constant value, since w(z) increases linearly
with |z| at large |z| (see Fig 2C), namely,
tanΘV = w(z)/|z| → w(0)/zR = λ
πw(0)
. (7)
where w(z) = w(0)
√
1 + z2/z2R → w(0) |z|zR when |z| >> zR.
Now ρ(z) itself may vary from 0 to ∞. Defining ρ(z) ≡ b
w(0)
w(z), for
varying asymptotic angles, ΘV (b) [that may differ from the particular value,
ΘV = ΘV (b = w(0))], one has,
tanΘV (b) = ρ/|z| = b w(z)
w(0) |z| → b/zR . (8)
Fig 2 shows w(z)/w(0) depicting cylindrically symmetric intensity layering in
a simple Gaussian beam (ℓ = p = 0). Since the beam intensity at a thin ring
of radius ρ(z) about the z axis is, at any z, the same as the beam intensity
at the corresponding radius ρ(0) = b, the beam intensity encountered by a
(small) atomic target displaced a distance b from the center of the beam at
z = 0 is the intensity at the asymptotic angle ΘV (b). Thus, the asymptotic
values of tanΘV (b) of Eq(8), illustrated in Fig 2C, increase linearly with
the distance from the center of a vortex beam, b. At any single value of b,
every small atom confined to the region z ≤ zR, will encounter a beam of
approximately the same intensity since w(z) ≃ w(0), as illustrated in Fig
2B. Thus, w(0) is a physical length that determines the beam intensity in a
thin ring a distance a distance ρ(z) = bw(z)
w(0)
perpendicular to the axis of the
vortex beam.
For Laguerre Gaussian beams with ℓ 6= 0, the overall Gaussian envelope
for the intensity is the same, but additional nodes associated with the quan-
tum number, p, may appear from the Laguerre factors in Eq(4). For such a
twisted vortex beam that carries OAM, the eiℓφ factor in Eq(4) allows rota-
tion about the beam axis of a point of constant phase. Thus a classical light
ray, which passes through any target atom which is displaced a distance, b,
11
away from the beam axis at z = 0, may rotate and does carry OAM. This
defines the (possibly rotating) classical light ray that passes through an atom
displaced by ~b (perpendicular to zˆ) from the vortex center at z = 0. A classi-
cal light ray that follows a single, non-rotating trajectory is depicted by one
of the straight line segments shown in Fig 1. Near z = 0, the magnitude of
the maximum OAM is classically limited by h¯ℓ ≤ h¯bk.
In quantum collisions of twisted vortex beams with atoms many outcomes
are possible, including transfer of OAM. Then the direction of photonic OAM
is simply reversed. Transfer of OAMmay occur only when ℓ 6= 0 in the photon
beam. For example, in transfer of OAM, where ℓ → −ℓ for the twisted
photon, a corresponding change in the atomic orbital angular momentum
is required to conserve parity. In general a non-zero scattering angle, Θ,
provides linear momentum transfer to the atom via the momentum transfer,
~q = ~ki − ~kf . The strength of the particular final state of the system is
modulated by the ei~q·~r factor in Eq(4), as discussed previously[9].
We note that for all ℓ there is an angle, χ˜, between ~ki and the beam axis.
This may be most easily seen in Fig 1, where it is evident that χ˜ = ΘV for
an incoming beam. For b 6= w(0), χ˜ = ΘV (b) (see Fig 2). In the paraxial
approximation the effect of this rotation is small.
Collisions of atoms with electron, proton and ion beams are different
than collisions with photon beams. Here the classical particle limit often
applies. Then the position of the incoming projectile is well defined, and
~b corresponds to the impact parameter of the collision, i.e., the distance
of closest approach of the particle to the center of a target for a classical,
undeflected straight line trajectory. For a collision with Coulomb deflection
between two charged particles the asymptotic beam angle, ΘC , is classically
related to the magnitude of the impact parameter, b, by[37],
tan(ΘC/2) = d0/(2b) , (9)
where d0 is the distance of closest approach between the point-like projectile
and the point-like target in a head on collision. In quantum calculations
the parameter, b, in Eq(9) is mathematically the same as that in Eq(8).
The angles ΘC and ΘV (b) have different meanings. The angle ΘC is the
difference between the incoming and outgoing asymptotic directions of one
charged particle classically scattering from another charged particle. It is a
12
classical scattering angle. The angle ΘV (b) is related to the beam intensity, as
explained below Eq(8) above. The Coulombic scattering angle, ΘC is largely
controlled at small distances where the Coulomb force is strong, while the
vortex angle, ΘV (b), is controlled at large distances from the center of the
vortex. We note that in many high velocity electron-atom collisions, most
projectiles are scattering into forward angles and the incoming electron may
be treated as a plane wave to a good approximation and Coulomb deflection
may be ignored.
In a full quantum description of a process with both incoming and out-
going twisted vortex beams, such as such Compton scattering described by
Eq.(4), we thus may define b as the magnitude of the transverse displacement
between the axis of a beam of matter or light and the center of a target for
a straight line trajectory. The two conjugate terms, q(Θ) and b, take on a
different conceptual role in two opposite (delocalized vs. localized) classical
limits of what we call ’wave-like’ and ’particle-like’ beams. In the particle-
like classical limit, corresponding to a projectile wavelength small compared
to the size of an atomic target, a small projectile may have a well defined
impact parameter, ~b with respect to the center of a diffuse target. In the
opposite wave-like limit ~b may be regarded as the distance of the localized
atom from the axis of a broadly delocalized beam of coherent waves whose
wave fronts are perpendicular to well defined rays. In the classical particle
limit q may be well defined on a macroscopic scale by the scattering angle,
Θ. It is well known that in between the classical-wave and classical particle
limits, the sharp conceptual boundaries of the two classical pictures become
blurred, and quantum uncertainty appears. Within the limits of quantum
uncertainty (and/or the classical band width theorem), b and Θ cannot both
be observed with exact precision.
3 Experimental considerations
In this paper we concentrate on interactions of gently focused optical beams
with relatively small atoms, so that aT << λ << zR. We regard the inter-
action as weak and fast so that first order perturbation is applicable. Also,
we restrict our attention to experiments done under single collision condi-
tions, so that any effects of multiple beam scattering are small. Additionally
we assume that OAM and SAM transfer are distinguished by observation,
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particularly when ∆ℓ = 1. The use of our paraxial Laguerre-Gaussian de-
scription is not valid for large vortex angles, i.e. our description is restricted
to ΘV (b) < 30
o or so[41]. Within the paraxial approximation it is sensible to
regard the beam to be approximately parallel to the beam axis. Our Gauss-
Laguerre approximation, applicable to differential cross sections, is based on
the paraxial approximation, i.e cosΘV (b) ≃ 1 and sinΘV (b) ≃ ΘV (b). Con-
sequently, the straight line beam rays are approximately parallel to the beam
axis, even at large b, and the parameter, ~b, corresponds to that of an incom-
ing ray along a straight line trajectory, ~R = ~b + ~ct, approximately parallel
to the (conventionally incoming) beam axis. Thus to test calculations using
Eq(4), one may use an extended target, such as a simple gas cell of uniform
density, so long as the beam center is focused near the center of the target,
and the thickness of the target region is not large compared to zR. Within
this region of small z, the beam intensity at any fixed b is nearly constant.
More general descriptions, using a Bessel [8, 16, 17], a higher order Bessel[42],
or a higher order Mathieu[43] basis to describe vortex beams are available,
but for us they are less convenient mathematically than the approximate
Laguerre-Gaussian description we use. But use of the Bessel basis could re-
quire different restrictions for comparison of experimental observations with
calculations. We note that similar issues have been addressed in the field of
ion-atom collisions[29, 34].
We believe that Eq(4) above may be applied, in some cases, to electron
beams or hard x-ray beams with λ < aT . However, the restrictions on
experimental design may differ from those above.
A useful way to directly test the validity and accuracy of vortex atomic
form factors is to design experiments to observe the difference between the
absolute square of the vortex atomic form factor and its plane-wave limit,
corresponding to,
Tv =
|Mv|2 − |Mp|2
|Mp|2 =
|Mv|2
|Mp|2 − 1 (10)
Here Mp denotes the plane-wave wave limit of Mv, which corresponds to a
relatively large value of zR (at fixed λ) as compared to that used for Mv,
and Mp has the same quantum numbers as Mv. Tv isolates the effect of
the finite beam width in a vortex beam. This vortex factor, Tv, may be
directly measured. This factor distinguishes vortex size effects from the plane
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wave limit. Furthermore, Tv, may be used to convert either experimental or
theoretical data for plane wave (or cylindrical) photons to data for vortex
photons (or electrons) by multiplying the data by Tv + 1. The factor Tv + 1
may be used to convert the absolute square of an atomic form factor to the
absolute square of a vortex atomic form factor. Thus Tv + 1 is a vortex
conversion factor.
To observe Tv experimentally, for any process in which |Mv|2 appears as a
simple factor as in Eq(2), one could measure the number of counts in a time
interval, then increase zR significantly and repeat this measurement. This
has the advantage that some experimental systematic errors can cancel in
the ratio. In general Tv is a function of q(Θ), although for optical photons
where qaT << 1 the variation in Θ is expected to be small. Also for inelastic
scattering there is a minimum value of q depending on the process involved,
so that cross sections might yield different values of Tv for different physical
processes[34, 44]. It is noted again here that Mp corresponds to the plane
wave limit of Mv.
In the field of ion-atom collisions a continuous transition from a coherent
wave-like trajectory with qaT << 1 to an incoherent particle-like trajectory
with qaT >> 1 has been observed[45]. In either the classical wave limit or
the classical particle limit, the beam trajectory may be described by a well
defined trajectory, ~R(t) = ~b + ~vt, where b = d0b
′ with d0 being a physically
measurable distance scale, e.g., either w(0) or aT in the context of this paper.
Here b′ is a dimensionless, continuously varying number that defines the value
of the impact parameter, b, on the scale of d0. In a full quantum description
using wave-packets this dimensionless number b′ may be used to join the
classical wave ray trajectory with the classical particle trajectory. This is
illustrated in the method of virtual impact parameters[46], that may be used
when the magnitude of the probability amplitude, |a(~b′)|, varies significantly
from both 0 and 1 in spatial regions of ~b′ where the probability is diffuse,
i.e., where the size of the probability cloud of the projectile is comparable
to the size of the atomic target. From this diffuse region of space without
sharp classical boundaries, scattering from a range of different values of ~b′
may scatter coherently into the same scattering angle, Θ, (or q). In this case
one may integrate over virtual impact parameters in the region, 0 < |a(~b′)| <
1, where a(~b′) contributes over a range of virtual impact parameters, ~b′,
to obtain a physically observable |f(~q)|2 at an experimentally well defined
value of Θ . Thus, an observable quantity, which changes continuously from
coherent scattering at small qd0 to a incoherent scattering at large qd0 may
be evaluated by using a single, unifying, quantum mechanical description.
In ion-atom collisions one such observable quantity is the square of the
effective charge of the projectile, Z2eff (q) (expressed in units of e
2), in a regime
where first order perturbation may be applied, over a range of q between the
classical wave (qaT << 1) and the classical particle limits (qaT >> 1). In the
coherent, small q limit (where classical wave methods apply), the observable
effective charge squared, Z2eff of a projectile atom or ion of nuclear charge Z
is fully screened by its N surrounding electrons so Z2eff → (Z−N)2, while in
the incoherent, large q limit, all the projectile charges scatter independently
so that Zeff → Z2+N . For a neutral atomic projectile N = Z, while N < Z
for a partially stripped ion. It is the continuous change of Z2eff(q) between
(Z − N)2 at small q and Z2 + N at large q that has been observed[45, 46].
We suggest that for vortex photons such an analysis might be applied to the
vortex factor of Eq(10) when λ/zR << 1, since this condition is analogous
to Zv0/v << 1 that defines the region of validity for use of perturbation
theory in ion-atom collisions, where Zv0 is the speed of the electron about
the nucleus of the projectile ion, and v is the speed of the projectile itself.
Our results may be applied to multi-centered molecules and clusters[47].
Using the idea that a shift, ~R, in position space corresponds to a factor of
ei~q·
~R in momentum space, it is straightforward to extend use of the atomic
form factor to multi-centered systems using a geometric structure factor,
GNI . This factor has been described in detail elsewhere[48] within the in-
dependent center, independent electron approximation, and has been widely
used for some time in molecular, condensed matter, nuclear, and high energy
physics[48].
Finally we turn to some considerations in developing a computer code to
evaluate the vortex atomic form factor, Mv, of Eq(4), as well as the vortex
factor of Eq(10), for comparison to experiment. One challenge arises in work-
ing with different symmetries (spherical for small targets and cylindrical for
photon beams) that includes different directions for incoming and outgoing
beams. After considering various approaches, we recommend use of a Carte-
sian grid for numerical evaluation, expressing all coordinates in Eq(4) above
in terms of an (x, y, z) coordinate system corresponding to the incoming half
of the interaction. The (x′, y′, z′) coordinates for the outgoing part (evident
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in Eq(4)) are related to the (x, y, z) coordinates by a two dimensional rota-
tion about the common x axis defined by the y − z plane of scattering. The
angle of rotation is the scattering angle, Θ, between the incoming and out-
going vortex beams. We also note that the parameter range, corresponding
to existing conditions for twisted optical photon beams, is zR >> λ >> aT .
Under these conditions we expect that Mv will be largely independent of q,
since qaT << 1. When λ << zR, we expect that Tv should vary as
1
λzR
. In
the future a code might be available upon request[49].
4 Summary
In summary we have considered both mathematical evaluation and exper-
imental observation related to the atomic form factor for twisted (vortex)
photon beams interacting with atomic targets. We have resolved three prob-
lems specified in an earlier paper that gave a detailed derivation of a formula
for this vortex atomic form factor. First we properly normalized the expres-
sion for the scale-invariant form factor and explained how area and volume
normalizations differ, but lead to the same physical observables. Second we
examined the effect of moving the target atom away from the center of the in-
coming vortex beam. Summing count rates in differential cross sections over
impact parameters is related to summing over corresponding cross sections
differential in momentum transfers (or scattering angles). Both yield iden-
tical total cross sections. While relatively small particles can interact with
well separated atoms one at a time, relatively large waves can interact with
many target atoms. Understanding this enabled us to suggest experiments,
for both total and differential cross sections, using macroscopic gas cells.
This understanding also eliminates any special need, other than including
the b-dependence arising from the q-dependence in the atomic form factor,
to account for the effect of moving target atoms away from the exact center of
a macroscopic vortex beam. Third we formulated photon-atom scattering in
an impact parameter (position) representation and related this to a comple-
mentary momentum transfer representation. The momentum representation
precisely describes a large coherent classical beam of photons interacting with
many atoms in a macroscopic target, while the position representation is well
suited to describe the classical particle limit of a single, small photon inter-
acting with a single atom. The method of virtual impact parameters might
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be useful in the quantum regime between these two classical limits.
Possible new experiments observing ratios of counting rates for vortex
photons interacting with atomic matter, and their plane wave limits were
considered. Such experiments could usefully test the accuracy of tables of
conversion factors that relate a variety of photon-matter interaction processes
(e.g. that involve transfer of photonic orbital angular momentum) using vor-
tex beams. A convenient, measurable, vortex factor can be simply expressed
in terms of the absolute square of the vortex atomic form factor and its
asymptotic plane wave limit.
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Figure Captions:
Figure 1. Envelope of classical light rays associated with a twisted vortex
beam at a radial distance ρ(z) = w(z) from the beam axis. At z = 0 all
segments shown have the same distance of closest approach, b, to the beam
center, i.e., b ≡ ρ(0) = w(0) =
√
λzR/π. Each segment shown is a straight
line. The scale for w(z) is the same as in Fig 2.
Figure 2. Side view of envelopes of intensity for a Gaussian beam. Each
envelope shown corresponds to a surface of constant beam intensity, ranging
from maximum intensity along the center line to the intensity that has de-
creased exponentially by a factor of 1
e2
≃ 0.135. A three dimensional view of
the outermost envelope shown here is given in Fig. 1. Envelopes of different
intensity may not cross as then the intensities would not then be different.
Each envelope shown here corresponds to a ring of classical light rays of the
same intensity, as shown in Fig. 1, but at a distance ρ(z) = bw(z)
w(0)
from the
centerline, i.e. a distance reduced by a factor of b/w(0) from that shown in
Fig 1. Thus, as b decreases, the intensity of the rays within this envelope
increases. The horizontal scale of z is in units of the Rayleigh range, zR. The
vertical scale of ρ(z) = b
√
1 + z2 is given in units of w(0) for 0 ≤ b ≤ w(0).
Fig 2B shows the paraxial region near the center of the beam where en-
velopes of the same beam intensity are nearly parallel to the beam axis. Fig
2C shows the asymptotic region, far from the beam center, where envelopes of
the same beam intensity are well described by cones corresponding to Eq(8).
The single envelope shown in Fig 1 corresponds to b = w(0) =
√
λzR/π.
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